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HOPF IMAGES IN LOCALLY COMPACT QUANTUM GROUPS
PAWE L JO´ZIAK, PAWE L KASPRZAK, AND PIOTR M. SO LTAN
Abstract. This manuscript is devoted to the study of the concept of a generating subset (a.k.a.
Hopf image of a morphism) in the setting of locally compact quantum groups. The aim of this
paper is to provide an accurate description of the Hopf image of a given morphism. We extend
and unify the previously existing approaches for compact and discrete quantum groups and
present some results that can shed light on some local perspective in the theory of quantum
groups. In particular, we provide a characterization of fullness of Hopf image in the language
of partial actions as well as in representation-theoretic terms in the spirit of representation
C∗-categories, extending some known results not only to the broader setting of non-compact
quantum groups, but also encompassing a broader setting of generating subsets.
Introduction
The concept of a subgroup is central to understanding locally compact quantum groups as
group-theoretic objects and accordingly it has been receiving an increasing interest in recent
years, see e.g. [BB09, BY14, BCV17, DKSS12, KKS16, KSS16, KS14a, KS15]. It arises naturally
when studying quantum homogeneous spaces, as the natural examples of homogeneous spaces are
of quotient type, see [KS14b], or when studying the behavior of quantum groups with respect to
some natural constructions, see e.g. [KSS16,Ver04,Wan95,CHK].
The starting point for this project was to improve the understanding of the notion of closed
subgroup in the realm of locally compact quantum groups. Classically, in order for a non-empty
closed subset X ⊂ G of a locally compact group G, to be a group, it has to satisfy X2 ⊂ X and,
if G is non-compact, also X−1 = X . Clearly, generically these conditions do not hold, and the
way to cope with this is to consider the subgroup generated by the given subset X , i.e. the smallest
closed subgroup containing it. One immediately realizes that this smallest subgroup is given by⋃
n∈ZX
n (and in the compact case Z may be replaced by N).
This viewpoint was already utilized in [BB10] in the case of Hopf ∗-algebras and in [SS16,
BCV17, Chi15] in the case of compact quantum groups, where analytic issues are minor, and
it was implicit in various writings on discrete quantum groups, and formulated explicitly e.g.
in [Izu02,Ver05, Ver07]. Once the notion of generation was established in a satisfactory way in
this restricted setting, the question of moving to a broader, and technically more involved, class
of locally compact quantum groups arises naturally.
In this manuscript we study the following concept: let G be a locally compact quantum group
(in the sense of Kustermans-Vaes). Let B be a C∗-algebra and let β ∈ Mor(Cu0 (G), B) be a
morphism of C∗-algebras (in the sense of [Wor95]). We think of it as the Gelfand dual of a map
β̂:X → G from a quantum space into a quantum group and ask what is the closed quantum
subgroup (in the sense of Vaes, see [DKSS12]) of G generated by β̂(X) ⊂ G.
Formally speaking, we consider the following category, which we denote by Cβ . Objects
of Cβ are triples (π,H, β˜) consisting of: a closed quantum subgroup H of G such that π ∈
Mor(Cu0 (G), C
u
0 (H)) is the associated morphism intertwining the coproducts and β˜ ◦π = β (as
morphisms of C∗-algebras), i.e. the map β factors through the C∗-algebra of functions on the
subgroup Cu0 (H) (where H is embedded into G using π) and β˜◦π = β is the factorization. For
two objects h = (π,H, β˜),k = (π′,K, β′) ∈ Ob(Cβ), a morphism ϕ ∈ MorCβ (h,k) is a C
∗-algebra
morphism ϕ ∈ Mor(Cu0 (K), C
u
0 (H)) (note that the direction of arrows in Cβ is same as the direction
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of maps on the level of quantum groups, which is opposite to the ones on the level of C∗-algebras
of functions), which intertwines the respective coproducts and such that the following diagram
commutes:
Cu0 (G) B
β
Cu0 (H)
π β˜
Cu0 (K)
π′
β˜′
ϕ
Diagram 1: Morphisms in Cβ
The object we are interested in is the initial object of the category Cβ. Our study of Hopf
images begins in Section 2 by showing, among others, that
Theorem A. Given a locally compact quantum group G and a morphism β as above, there always
exists the initial object of the category Cβ.
This initial object is then called the Hopf image of β, following the situation studied first in the
algebraic setting by T. Banica and J. Bichon in [BB10]. When this initial object happens to be
(id,G, β), we then say that β is a generating morphism (this was earlier known as inner faithful
morphism and as morphism faithful in the discrete quantum group sense in the context of Hopf
∗-algebras, but the latter term is long and does not extend nicely beyond the compact quantum
group setting, and the former might unnecessarily suggest some connections to the adjoint action).
The prominent examples of induction from subgroups of G to G of the following properties:
Connes’ embeddability of L∞(G), given in [BCV17], and residual fininite dimensionality of O(G),
given in [Chi15], puts the setting of quantum group generated by a family of its subgroups in the
center of the study of Hopf images. We analyze an analogous situation in Section 3.
Intriguingly, the closed quantum subgroups H ⊂ G are characterized by the so-called Baaj-
Vaes subalgebras of L∞(Ĝ) (the precise definitions are given in Section 1.4). It follows from our
discussion (cf. Theorem 2.6) that the most natural examples of invariant subalgebras of L∞(Ĝ)
– the ones coming from representations of G – satisfy the following phenomenon: if they are τ -
preserved (which is the case e.g. for quantum groups that are compact, discrete or of Kac type),
they are automatically Baaj-Vaes. This means that in many examples part of the assumptions
of the Baaj-Vaes theorem are actually implied by sole invariance. It is not known to the authors
whether this phenomenon holds in full generality.
The Hopf image construction highlights a certain local perspective in the theory of quantum
groups. This rather vague idea can be forged into concrete statements. For instance, classically
a homomorphism G → K is uniquely determined by its values on the generating set. A similar
statement can be proved in the quantum case:
Theorem B. With the notation as above, assume that β is a generating morphism and consider
two homomorphisms G→ K described by ϕ, ϕ˜ ∈Mor(Cu0 (K), C
u
0 (G)). If β◦ϕ = β◦ϕ˜, then ϕ = ϕ˜.
For G discrete the converse is also true in the following sense: if a quantum subset has the
property that homomorphisms are uniquely determined by the values they attain on this set, it is
generating.
We address the problem of describing the Hopf image of a given morphism by means of other
objects related to it. Associated to the map β, philosophically being the Gelfand dual of a map
X → G, there are: restrictions of representations of G to X; partial action by right shifts X y G
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and a representation of the dual quantum group X ∈ L∞(Ĝ)⊗¯B(H). We have the following result
expressing generation in these terms:
Theorem C. With the notation as above, consider the following four statements:
(i) The morphism β is generating.
(ii) {(id⊗ω)X | ω ∈ B∗}′′ = L∞(Ĝ).
(iii) The partial action X y G is ergodic.
(iv) any two distinct representations of G, when restricted to X, remain distinct.
We have (i) =⇒(ii) ⇐⇒ (iii) ⇐⇒ (iv). Moreover, (i) =⇒ (ii) provided that G is compact or
discrete or τut (ker(β)) ⊆ ker(β) for all t ∈ R (in particular, if G is of Kac type).
The ingredients of Theorem C are described in detail in course of constructing the Hopf image.
We later move to the study of generation-type questions in the language of representation
category of the quantum group in question. Assume {Hi}i∈I is a family of closed subgroups of G
and denote by UHi the restriction of a representation U of G to Hi. Recall that HomG(U, U˜) is
the set of intertwiners between U and U˜ as representations of G. We have
Theorem D. G is generated by (Hi)i∈I if and only if for all pairs of representations U, U˜ of G
we have that
HomG(U, U˜) =
⋂
i∈I
HomHi(U
Hi , U˜Hi)
The manuscript is organized as follows: Section 1 is devoted to establishing notation and con-
ventions. We collect also from various places in the literature some ingredients of the theory of
locally compact quantum groups that are most relevant to our constructions. In Section 2 we deal
with Theorem A and reveal the structure of objects useful in the later study of Hopf images. In
Section 3 we analyze the case of the generating set coming from a family of subgroups. Section 4
is devoted to the proof of Theorem B and its converse. In Section 5 we introduce the concept of
restricting a representation to a subset and prove a reformulation of Theorem C. In Section 6 we
study the concept of restriction of a representation to a subset from the point of view of inter-
twiners. In particular, we derive Theorem D. Section 7 discusses some examples and applications
of the Hopf image construction.
1. Preliminaries
1.1. C∗-algebras, von Neumann algebras etc. The symbol σ denotes the flip, i.e. unique
extension of the map A⊗B ∋ a⊗ b 7→ b⊗a ∈ B⊗A. We use the leg numbering notation, which is
now commonly understood: for T ∈M(A⊗ C), we denote by T13 ∈M(A⊗B ⊗ C) the operator
given by (σ⊗ id)(1⊗ T ). Similarly, if t ∈M(B), then 1⊗ t⊗1 ∈M(A⊗B ⊗ C) will be denoted
by t2, and so on.
For two vectors ξ, η ∈ H, by the functional ωξ,η ∈ B(H)∗ we mean a map T 7→ 〈ξ|Tη〉 (note
that the inner product is linear in the right variable).
We will use the following lemma a few times:
Lemma 1.1. Let A ⊆ B(H), B ⊆ B(K) be concrete C∗-algebras and let A = A′′ and B = B′′.
Let T ∈ M(A⊗B) ⊆ A⊗¯B and let (ωi)i∈I ⊆ B(H)∗ be a net of normal functionals such that
ωi
i∈I
−−→ ω ∈ B(H)
∗
in the weak∗-topology. Then xi = (ωi ⊗ id)T
i∈I
−−→ (ω ⊗ id)T = x in σ-WOT of
B.
Proof. Recall that σ-WOT is the weak∗-topology in B. Pick µ ∈ B∗. We have
(1.1) µ(xi) = (ωi ⊗ µ)(T ) = ωi((id⊗µ)T ).
Since t = (id⊗µ)T ∈ A and ωi
i∈I
−−→ ω ∈ A∗ weak∗, we have ωi(t)
i∈I
−−→ ω(t). This is equivalent to
µ(xi)
i∈I
−−→ ω(t) = (ω ⊗ µ)(T ) = µ((ω ⊗ id)T )
which finishes the proof. 
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1.2. Locally compact quantum groups. We work in the setting of locally compact quantum
groups as defined by Kustermans and Vaes ( [KV00,Vae01]), but sometimes we use the results
proven in the setting of multiplicative unitaries ( [BS93,SW07,Wor96]), as the latter axiomatization
covers the former. Hence we use the following objects to study a quantum group G:
(1) The von Neumann algebra L∞(G), endowed with a coproduct ∆G and n.s.f. weights
ϕG, ψG satisfying the left- and right-invariance conditions (called the left and right Haar
weights, respectively);
(2) L1(G), the predual of L∞(G);
(3) The reduced C∗-algebra C0(G), endowed with the same structure as above;
(4) The universal C∗-algebra Cu0 (G), its coproduct will be denoted by ∆
u
G
and the canonical
quotient map will be denoted by ΛG:C
u
0 (G)→ C0(G);
(5) The Kac-Takesaki operator WG ∈ M(C0(Ĝ)⊗ C0(G)) and its universal companions:
W
G ∈M(Cu0 (Ĝ)⊗ C0(G)), W
G ∈M(C0(Ĝ)⊗ Cu0 (G)) and V V
G ∈M(Cu0 (Ĝ)⊗ C
u
0 (G));
The Kac-Takesaki operator WG implements the coproduct in C0(G) (and also in L∞(G)) in the
following way:
(1.2) ∆G(x) = W
G(x⊗ 1)(WG)∗
The semi-universal incarnations of the Kac-Takesaki operator are linked to the Kac-Takesaki
operator by means of the reducing morphism:
(id⊗ΛG) W
G = WG = (Λ
Ĝ
⊗ id)WG.
The universal version of the Kac-Takesaki operator is linked to the semi-universal companions in
a similar manner:
(id⊗ΛG)V V
G =WG and (Λ
Ĝ
⊗ id)V VG = WG.
These operators obey the following pentagonal-like equation (see [MRW12, Proposition 4.4]):
(1.3) V VG13 = (W
G
12)
∗
W
G
23W
G
12( W
G
23)
∗ ∈M(C0(Ĝ)⊗K(L
2(G))⊗ C0(G))
The dual quantum group Ĝ is governed by its own Kac-Takesaki operator WĜ = σ(WG)∗. Then
the coproduct in L∞(Ĝ) takes the form:
(1.4) ∆
Ĝ
(x) = σ(WG)∗(x⊗ 1)σ(WG) = σ
(
(WG)∗(1⊗ x)WG
)
.
When discussing a single locally compact quantum group, we will often drop the G and G decora-
tions of the coproduct, Kac-Takesaki operators etc. Then the structure of the dual group will be
decorated only with the hat decoration, e.g. ∆̂ will be the coproduct in L∞(Ĝ) etc. The study of
G and Ĝ is supplemented with
(6) the unitary antipode R:C0(G) → C0(G), living also on the von Neumann algebra level:
R:L∞(G)→ L∞(G);
(7) its universal lift: Ru:Cu0 (G)→ C
u
0 (G);
(8) the scaling group: for every t ∈ R there is τGt :C0(G) → C0(G), extending to the von
Neumann level: τGt :L
∞(G)→ L∞(G);
(9) the universal counterpart: the group of transformations τut :C
u
0 (G)→ C
u
0 (G).
(10) analogous structure for the dual: R̂u, R̂, τ̂ut and τ̂t.
(11) the analytic continuation of τt to the upper half-plane C+ yields the analytic generator
of the group of transformations τt, denoted τi/2. It appears in the polar decomposition of
the antipode: S = R◦τi/2. In case τt = id, one has τi/2 = id and S = R is bounded. In
such cases we say that G is of Kac type.
The scaling groups and unitary antipodes are compatible with the reducing morphisms in the
following sense:
(1.5) τt◦Λ = Λ◦τ
u
t and R◦Λ = Λ◦R
u
and similarly for Ĝ. Moreover, the scaling groups and unitary antipodes are compatible with the
universal version of the Kac-Takesaki operator in the following sense (cf. [SW07, Proposition 39,
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Lemma 40 and Proposition 42]):
(1.6) (τ̂ut ⊗ τ
u
t )V V= V V and (R̂
u ⊗Ru)V V= V V
1.3. Representation theory. By a representation of a locally compact quantum group G we
will always mean a unitary element U ∈M(K(HU )⊗ C0(G)) satisfying:
(1.7) (id⊗∆G)U = U12U13
Recall that M(K(H)⊗ C0(G)) ⊆ B(HU )⊗¯L∞(G), we often just write U ∈ B(HU )⊗¯L∞(G). It is
known that any U ∈ B(HU )⊗¯L
∞(G) satisfying (1.7) actually satisfies U ∈ M(K(HU )⊗ C0(G)),
see e.g. [Wor96, Theorem 1.6(2)].
Out of two representations U ∈ M(K(HU )⊗ C0(G)) and U˜ ∈ M(K(HU˜ )⊗ C0(G)) one can
form two new representations: the direct sum and tensor product, we will need a precise formula
of the former later on, so we recall it. The direct sum is obtained by using the canonical inclusion
maps ι:B(HU ) →֒ B(HU ⊕ HU˜ )) and ι˜:B(HU˜ ) →֒ B(HU ⊕ HU˜ )) induced by the spatial maps
HU ,HU˜ →֒ HU ⊕HU˜ . Then the direct sum is nothing but
(1.8) U ⊕ V : = (ι⊗ id)(U) + (ι˜⊗ id)U˜ ∈M(K(HU ⊕HU˜ )⊗ C0(G)).
The viewpoint U ∈ B(HU )⊗¯L
∞(G) enables us to make sense of the following crucial observation,
which is contained in [Wor96, Theorem 1.6]. Let ω ∈ B(HU )∗ be a normal functional. Then
(1.9) (ω ⊗ id)U ∈ D(SG) and SG((ω ⊗ id)U) = (ω ⊗ id)(U∗).
The representations of G can always be realized by means of a ∗-homomorphism from Cu0 (Ĝ).
We note the following result:
Theorem 1.2 ( [Kus01, Proposition 5.2]). Let U ∈ M(K(HU )⊗ C0(G)) be a representation.
Then there exists a unique φU ∈ Mor(C
u
0 (Ĝ),K(HU )) such that
(φU ⊗ id)W
G = U.
Conversely, given a C∗-algebra B, a representation in a Hilbert space ρ ∈ Mor(B,K(H)) and
morphism φ ∈ Mor(Cu0 (Ĝ)), B), the unitary Uφ,ρ = (ρ◦φ ⊗ id)W
G ∈ M(K(H)⊗ C0(G)) is a
representation of G.
1.4. Homomorphisms and subgroups. An in-depth description of homomorphisms between
quantum groups was given in [MRW12], let us recall the main points. Fix two locally compact
quantum groups G and H. A homomorphism of quantum groups H → G can be equivalently
described by three objects:
• Hopf ∗-homomorphisms: ϕ ∈ Mor(Cu0 (G), C
u
0 (H)), which intertwine the coproducts:
(ϕ⊗ ϕ)◦∆uG = ∆
u
H ◦ ϕ
• Bicharacters: unitary elements V ∈ M(C0(Ĝ)⊗ C0(H)), which are (anti)representations on
both legs:
(1.10) (∆
Ĝ
⊗ id)V = V23V13 and (id⊗∆H)V = V12V13
Moreover, they satisfy (R̂G ⊗RH)V = V and (τ Ĝt ⊗ τ
H
t )V = V .
• Right quantum group homomorphisms: morphisms ρ ∈ Mor(C0(G), C0(G)⊗ C0(H)) sat-
isfying
(1.11) (∆G ⊗ id) ◦ ρ = (id⊗ρ) ◦∆G and (id⊗∆H) ◦ ρ = (ρ⊗ id) ◦ ρ
Moreover, they satisfy (id⊗ρ)WG = WG12V13, where V is the corresponding bicharacter.
Furthermore, each homomorphismH→ G has its dual homomorphism Ĝ→ Ĥ. It can be described
as follows. If ϕ ∈ Mor(Cu0 (G), C
u
0 (H)) is a Hopf
∗-homomorphism, then there exists a unique
ϕ̂ ∈ Mor(Cu0 (Ĥ), C
u
0 (Ĝ)), these maps are linked via
(1.12) (id⊗ϕ)V VH = (ϕ̂⊗ id)V VG.
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Equivalently, if V ∈ M(C0(Ĝ)⊗ C0(H)) is a bicharacter representing a homomorphism H → G,
then V̂ = σ(V ∗) ∈ M(C0(H)⊗ C0(Ĝ)) is a bicharacter representing its dual homomorphism
Ĝ→ Ĥ.
Let us also stress that bicharacters and right quantum group homomorphisms are equally well
studied in the von Neumann algebraic context, so that a unitary V ∈ L∞(Ĝ)⊗¯L∞(H) satisfying
(1.10) and a normal ∗-homomorphism ρ:L∞(G)→ L∞(G)⊗¯L∞(H) satisfying (1.11) also describe
a homomorphism of quantum groups H → G. Right quantum group homomorphisms in the von
Neumann algebraic context are in fact normal extensions of the respective maps in the C∗-algebraic
context: they are implemented by V by the formula ρ(x) = V (x⊗ 1)V ∗. Let us note that second
condition in (1.11) corresponds to ρ being a right action of H on L∞(G). These are analogues of
the natural actions by right shifts.
A thorough treatment of the notion of subgroup was given in [DKSS12], we recall some of the
main points of that article. Let H → G be a homomorphism of quantum groups (described by
a Hopf ∗-homomorphism ϕ ∈ Mor(Cu0 (H), C
u
0 (G)), a bicharacter V ∈ M(C0(Ĝ)⊗ C0(H)) and a
right quantum group homomorphism ρ ∈ Mor(C0(G), C0(G)⊗C0(H))). We say that H is a closed
quantum subgroup1 of G if there exists a normal injective ∗-homomorphism γ:L∞(Ĥ) → L∞(Ĝ)
such that V = (γ ⊗ id)WH. This map γ is nothing but the incarnation on the von Neumann
algebra level of the reduced version of πˆ, namely
(1.13) ΛG◦ϕ̂ = γ◦ΛH
and hence, by (1.12), in particular we have
(1.14) (id⊗ϕ) WG = (γ ⊗ id) WH
Let M ⊆ L∞(G) be a von Neumann subalgebra. Recall from [TT72] that M is called invariant if
∆(M) ⊆ M⊗¯M. We moreover say that M is a Baaj-Vaes subalgebra if it is invariant, R(M) = M
and τt(M) = M for all t ∈ R. The Baaj-Vaes theorem [BV05, Proposition A.5] states that Baaj-
Vaes subalgebras of L∞(G) are in one to one correspondence with closed quantum subgroups of
Ĝ. This means, in particular, that M can be endowed with Haar weights, and that the inclusion
ι:M →֒ L∞(G) induces the full data of a quantum group homomorphism: the morphism π ∈
Mor(Cu0 (Ĝ), C
u
0 (Ĥ)), the bicharacter and the right quantum group homomorphism. Moreover, ι
is the von Neumann incarnation of the reduced version of πˆ.
Let us comment on the assumptions of Baaj-Vaes theorem. It turns out that in the case G is
compact, discrete, classical and dual to classical the conditions R(M) = M and τt(M) = M for all
t ∈ R actually follow from some more general principles. In case G is compact, this follows from
restriction of Haar state to M, in case G is discrete this is [NY14, Theorem 3.1], after applying
co-duality techniques of [KS14b] (an elementary proof is also available, see [Jo´z16, Theorem 1.35]).
The case of classical groups and dual to classical groups was covered in [TT72] by Takesaki and
Tatsuuma. It turns out that the von Neumann algebras constructed in Section 2 are automatically
invariant, and once made τt-invariant for all t ∈ R, they are also R-invariant. This covers an
abundance of invariant subalgebras, especially in the Kac case, and it is not known to the authors
whether there exists an invariant von Neumann subalgebra that is not a Baaj-Vaes subalgebra.
2. Construction of Hopf image
2.1. First steps towards the construction. The goal of this part is to construct a quantum
group H which will later be shown to satisfy the defining properties of Hopf image. So let us fix
a morphism β ∈Mor(Cu0 (G), B), where B is some C
∗-algebra, as in the introduction.
Application of Λ
Ĝ
⊗ id⊗ id to both sides of (1.3) yields:
(2.1) W23W12 W
∗
23 = W12 W13.
1or sometimes we call them Vaes-closed quantum subgroups, as there is a competing definition of Woronowicz-
closed quantum subgroup and they agree in case G is compact, discrete, classical or dual to classical, see [DKSS12,
KKS17]
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Let us denote X = (id⊗β) W∈ M(C0(Ĝ)⊗B). Computing the value of (id⊗ id⊗β) at both
sides of the equality (2.1) results in:
(2.2) X23W12X
∗
23 = W12X13
or, equivalently,
(2.3) (∆
Ĝ
⊗ id)X = X23X13
Applying (ω ⊗ id⊗ id) for ω ∈ L1(Ĝ) to both sides of (2.2) we obtain:
(2.4) X(a⊗ 1)X∗ = (ω ⊗ id⊗ id)(W12X13),
where a = (ω ⊗ id)W. As
W12 ∈M(C0(Ĝ)⊗ C0(G)⊗B) ⊆M(K(L
2(G))⊗ C0(G)⊗B)
X13 ∈M(C0(Ĝ)⊗ C0(G)⊗B) ⊆M(K(L
2(G))⊗ C0(G)⊗B)
(2.5)
we get that X(a⊗ 1)X∗ ∈M(C0(G)⊗B) and hence the map θ:C0(G)→M(C0(G)⊗B) can be
defined by
(2.6) C0(G) ∋ a
θ
7−−→ X(a⊗ 1)X∗ ∈M(C0(G)⊗B).
Let us assume that B is (faithfully, nondegenerately) represented on a Hilbert space H: B ⊆ B(H).
Then we can view θ as a representation θ ∈ Rep(C0(G), L2(G)⊗H). One has:
(2.7) (id⊗ θ)(W) = W12X13 ∈M(C0(Ĝ)⊗ C0(G)⊗B) ⊆M(C0(Ĝ)⊗K(L
2(G)⊗H)).
As W ∈M(C0(Ĝ)⊗ C0(G)) generates C0(G) in the sense of [Wor95], we conclude that:
Proposition 2.1. θ ∈Mor(C0(G), C0(G)⊗B).
Now we are in position to state the main construction. Let
M = {(id⊗ω)X | ω ∈ B∗} ⊆ L∞(Ĝ)
As X ∈ M(C0(Ĝ)⊗B) one sees that M ⊆ M(C0(Ĝ)) ⊆ L∞(Ĝ). Denote by M1 the ∗-algebra
generated by M and by M1 its norm-closure.
Proposition 2.2. M′1 = M
′
1 is a von Neumann algebra
Proof. Indeed, as we have
T ∈ M′1 ⇐⇒ X(T ⊗ 1) = (T ⊗ 1)X ⇐⇒ (T ⊗ 1)X
∗ = X∗(T ⊗ 1) ⇐⇒
⇐⇒ X(T ∗ ⊗ 1) = (T ∗ ⊗ 1)X ⇐⇒ T ∗ ∈M′1

Thus also M1 =M
′′ =M—weak
∗
1 is a von Neumann algebra.
Let MBV be the smallest Baaj-Vaes subalgebra containing M1 (so in particular containing M1).
The existence of such a von Neumann algebra follows from standard argument: it is the intersection
of all Baaj-Vaes subalgebras of L∞(Ĝ) containingM1: this collection is non-empty because L∞(Ĝ)
itself is such an algebra. Later on we will see that it can be constructed more explicitly. Thanks
to Baaj-Vaes theorem, there exists H ⊂ G such that L∞(Ĥ) = MBV , in particular, we have a map
π ∈ Mor(Cu0 (G), C
u
0 (H)) coming from [DKSS12, Theorem 3.5], which is linked to the embedding
MBV ⊆ L
∞(Ĝ) via (1.14).
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2.2. Properties of the algebra M1.
Lemma 2.3. Let β ∈Mor(Cu0 (G), B) and assume B is faithfully, nondegenerately represented on
a Hilbert space H: B ⊆ B(H). Let C = β(Cu0 (G)) ⊆M(B). Denote:
• M1 = {(id⊗ω)(X) | ω ∈ B
∗}
′′
• M2 = {(id⊗ω)(X) | ω ∈ C
∗}
′′
• M3 =
{
(id⊗ω)(X) | ω ∈ B(H)
∗}′′
• M4 = {(id⊗ω)(X) | ω ∈ B(H)∗}
′′
• M5 = {(id⊗ωξ,η)(X) | ξ, η ∈ H}
′′
Then
• β ∈ Mor(Cu0 (G), C)
• M1 = M2 = M3 = M4 = M5
Remark 2.4. By first part of Lemma 2.3 we see that we can restrict our attention to maps
β:Cu0 (G) → B that are surjective (philosophically speaking, the maps that are Gelfand duals of
embeddings β̂:X →֒ G of a quantum space X as a closed quantum subset of G, where B = C0(X)).
Proof. The first statement follows from standard reasoning, so we omit it.
It is obvious that M5 ⊆ M4 ⊆ M3. To show that M3 ⊆ M4, let us fix an element ω ∈ B(H)
∗
and
consider x = (id⊗ω)X . Recall that B(H)∗ ⊆ B(H)
∗
is weak∗-dense, so pick a net (ωi)i∈I ⊆ B(H)∗
such that ωn
i∈I
−−→ ω in weak∗-topology. Then xi = (id⊗ωi)X ∈ M4 and by Lemma 1.1 we have
that xi → x in σ-WOT. Hence x ∈ M3 by σ-WOT closedness of the latter and we are done.
Now as every functional in B(H)∗ restricts to B and C we have that M3 ⊆ M1,M2. But as
B,C ⊆ B(H) are closed, any continuous functional from B∗ and C∗ extends to a continuous
functional in B(H)
∗
by Hahn-Banach theorem, so B(H)
∗
։ C∗, B∗. In particular, this means
M1,M2 ⊆ M3.
For the equality M4 = M5 recall that the linear span of vector functionals ωξ,η is norm dense
in B(H)∗ (see, e.g. [Bla06, III.2.1.4]). Now by standard calculation we show that if ωi
i∈I
−−→ ω in
norm, then (id⊗ωi)X
i∈I
−−→ (id⊗ω)X in WOT. Pick then ξ, η ∈ H, we have:
|〈ξ|(id⊗(ω − ωn))X |η〉| = |(ωξ,η ⊗ (ω − ωn))X |
≤ ‖ωξ,η ⊗ (ω − ωn)‖‖X‖= |〈ξ|η〉|‖ω − ωn‖‖X‖→ 0.
By WOT-closedness of M5 any element of the generating set of M4 is in fact in M5, so we conclude
by von Neumann’s bicommutant Theorem. 
Proposition 2.5. The algebra M1 is invariant, i.e. ∆̂(M1) ⊆ M1⊗¯M1. If moreover τ
u
t (kerβ) ⊆
kerβ (in particular if G is Kac type), then M1 is is preserved by τ̂t for each individual t ∈ R.
Proof. For the invariance, let us first pick x = (id⊗ωξ,η)X ∈ M5 for some ξ, η ∈ H, we will show
that ∆̂(x) ∈ M5⊗¯M5. Pick an orthonormal basis (ej)j∈J of H and recall that 1 =
∑
j∈J |ej〉〈ej | is
a WOT-convergent resolution of identity into rank one projections. We compute:
∆̂(x) = (∆̂⊗ ωξ,η)(X) = (id⊗ id⊗ωξ,η)(X23X13) =
= (id⊗ id⊗ωξ,η)(X23(1⊗ 1⊗
∑
j∈J
|ej〉〈ej |)X13) =
=
∑
j∈J
(id⊗ id⊗ωξ,η)(X23(1⊗ 1⊗ |ej〉〈ej |)X13) =
=
∑
j∈J
(id⊗ id⊗ωξ,ej)(X23)(id⊗ id⊗ωej ,η〉)(X13) =
=
∑
j∈J
(id⊗ωξ,ej )(X)⊗ (id⊗ωej ,η)(X) ∈ M5⊗¯M5
We conclude by normality of ∆̂ and equality M1 = M5 obtained in Lemma 2.3.
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Let t ∈ R, assume ker(β) is τut invariant and let ω ∈ B
∗. Then there exists a (necessarily
unique) functional ωt ∈ B
∗ such that ω◦β◦τut = ωt◦β. This follows from a general Banach space
theory: there exists an isometry s making the following diagram commute:
Cu0 (G) C
β
Cu0 (G)
/
kerβ
q s
Now, as τt(kerβ) ⊆ kerβ, using s we can conclude the existence of a map τ
C
t :C → C such that
β◦τut = τ
C
t ◦β. Then
{(id⊗ω◦β) W| ω ∈ C∗}′′ ={(id⊗ω◦β)(τˆt ⊗ τ
u
t ) W| ω ∈ C
∗}′′ =
=τˆt
(
{(id⊗ω◦β◦τut ) W| ω ∈ C
∗}′′
)
=
=τˆt
(
{(id⊗ω◦τCt ◦β) W| ω ∈ C
∗}′′
)
=
=τˆt
(
{(id⊗ω◦β) W| ω ∈ C∗}′′
)
Because τCt :C → C is a bijection, also (τ
C
t )
∗:C∗ → C∗ is a bijection. 
Theorem 2.6. The minimal Baaj-Vaes subalgebra of L∞(Ĝ) containing M1 is given by
MBV = (
⋃
t∈R
τ̂t(M1))
′′.
In particular, MBV = M1 if G is compact or discrete or if τut (ker(β)) ⊆ ker(β) for all t ∈ R.
Proof. For the purpose of the proof, let us denote byMRHS the von Neumann algebra appearing on
the right hand side of Theorem 2.6. This algebra is clearly τ̂ -invariant, and asM1 is invariant, using
[MNW03, Theorem 1.9(2)] we conclude that MRHS is again invariant. To see that MRHS = MBV ,
we need to show that it is preserved by the unitary antipode R̂.
First, for t ∈ R and ω ∈ B(H)∗ let us denote xω,t = (τ̂t ⊗ ω)X and observe that M1 = M4
is generated by xω,0 for all ω ∈ B(H)∗. Furthermore, for t ∈ R fixed, τ̂t(M1) is generated by
{xω,t | ω ∈ B(H)∗}. In turn, MRHS is generated by {xω,t | ω ∈ B(H)∗, t ∈ R}. Indeed, from
the above description we see that all elements xω,t ∈ MRHS. The converse inclusion follows easily
from von Neumann’s bicommutant Theorem: if y commutes with all xω,t for all ω and t, then
y ∈
⋂
t∈R τ̂t(M1)
′ ⊆ (
⋃
t∈R τ̂t(M1))
′.
Now we use M1 = M4 from Lemma 2.3. Let us pick ω ∈ B(H)∗. Then ω
∗ defined as ω∗(a) =
ω(a∗) is again a normal functional. Then by (1.9) we have that (id⊗ω)(X∗) = [(id⊗ω∗)(X)]∗ =
x∗ω∗,0 ∈ D(Ŝ) = D(τ̂i/2) (recall that in fact X is antirepresentation, so σ(X
∗) is a representation
of G), see [Wor96]. Hence
(2.8) R̂((id⊗ω)(X∗)) = (τ̂−i/2◦Ŝ)((id⊗ω)X
∗) = τ̂−i/2((id⊗ω)X)
But as MRHS is τ̂ -invariant, it is also preserved by its analytic generator, as it is defined uniquely:
the analytic generator of τ̂−t ↾MRHS is precisely (τ̂−i/2) ↾MRHS (this is in fact the uniqueness of
analytic continuation of a function). Hence R̂(x∗ω∗,0) ∈ MRHS for all ω ∈ B(H)∗ and in turn
R̂(xω,0) ∈ MRHS for all ω ∈ B(H)∗. Next, thanks to the relation τ̂t ◦R̂ = R̂◦ τ̂t, it follows that
R̂(xω,t) = τ̂t(R̂(xω,0)) ∈ τ̂t(MRHS) = MRHS. Together with the description of the generating set
in the first step, this finishes the proof of the main assertion.
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The last part of the Theorem follows from the observation that in all these cases the algebra
M1 is automatically τ̂ -invariant: in case of G compact or discrete this was discussed at the end
of Section 1.4 and the case τut (ker(β)) ⊆ ker(β) for all t ∈ R follows from the discussion in
Proposition 2.5. 
2.3. Verification of defining properties. In this part we show that the quantum subgroup H
constructed in Section 2.1 indeed satisfies the defining properties of the Hopf image, i.e. firstly,
there exists β˜ ∈ Mor(Cu0 (H), B) as described in Diagram 1, that is showing that (π,H, β˜) ∈ Cβ ,
and secondly, that it is an initial object of the category Cβ.
Lemma 2.7. Let K be a closed quantum subgroup of G and denote the associated Hopf ∗-homomor-
phism and normal embedding by πK ∈ Mor(C
u
0 (G), C
u
0 (K))) and γ:L
∞(K̂)→ L∞(Ĝ), respectively.
Then (πK,K, β˜) ∈ Cβ, i.e. there exists β˜ ∈ Mor(Cu0 (K), B) such that β = β˜ ◦πK if and only if
M1 ⊆ γ(L
∞(K̂)).
Proof. Assume that (πK,K, β˜) ∈ Cβ and pick ω ∈ B∗. Using (1.13) and (1.14), we have that
(id⊗ω)(id⊗β)( WG) = (id⊗ω)(id⊗β˜◦πK)( W
G) = γ
(
(id⊗ω◦β˜) WK
)
Hence the algebraM1 constructed for β and the corresponding algebra constructed for β˜, seen
as subalgebras of L∞(Ĝ), coincide, hence so do their C∗-envelopes M1 and the corresponding one
for β˜. This shows the necessity.
Assume that M1 ⊆ γ(L
∞(K̂)). In order to get a morphism β˜ ∈ Mor(Cu0 (K), B) it is enough to
show that σ(X∗) is a representation of K̂ by Theorem 1.2.
Now observe that [DKSS12, Lemma 1.4] shows that X ∈ M(M1 ⊗B) ⊆ M(C0(Ĥ)⊗B). But
as ∆
K̂
and ∆
Ĝ
↾γ(L∞(K̂)) coincide and from (2.3), we have that X23X13 = (∆K̂ ⊗ id)X , so σ(X
∗)
satisfies hypothesis of Theorem 1.2. 
Proof of Theorem A. From Lemma 2.7 we get that H constructed at the end of Section 2.1 can
be endowed with the morphism β˜ completing the desired factorization, i.e. (π,H, β˜) ∈ Cβ . Let
now k = (πK,K, β′) ∈ Cβ. From Lemma 2.7 we have that M0 ⊆ L∞(K̂) and L∞(K̂) is a RĜ-
,τ Ĝt - and ∆Ĝ-invariant subalgebra of L
∞(Ĝ). As L∞(Ĥ) is chosen to be a minimal von Neumann
subalgebra with this property, we necessarily have L∞(Ĥ) ⊆ L∞(K̂). In particular the inclusion
map satisfies the defining property of H being a closed quantum subgroup of K, so we conclude
by [DKSS12, Theorem 3.5] and [KSS16, Lemma 2.5]. 
2.4. More on X ∈ M(C0(Ĝ)⊗B) and θ ∈ Mor(C0(G), C0(G) ⊗ B). In this section we inves-
tigate the mutual relation between the objects describing the embedding X →֒ G as phrased in
Remark 2.4, i.e. the morphism β ∈Mor(Cu0 (G), B), the unitary antirepresentationX ∈M(C0(Ĝ)⊗B)
and the morphism θ ∈Mor(C0(G), C0(G)⊗B) in the spirit of [MRW12].
From the discussion in Section 2.1 it is clear that out of β one can canonically construct the
unitary X , which is an antirepresentation of Ĝ. But Theorem 1.2 (applied to σ(X∗) as in the
proof of Lemma 2.7) shows that to a unitary X ∈ M(C0(Ĝ)⊗B) there corresponds a unique
morphism β ∈Mor(Cu0 (G), B).
Again, from the discussion in Section 2.1 it is clear that out of a unitary X , which is an
antirepresentation of Ĝ one can uniquely construct the morphism θ ∈ Mor(C0(G), C0(G) ⊗ B).
Observe that this morphism satisfies the following condition: (∆ ⊗ id)◦θ = (id⊗ θ)◦∆. Indeed,
for a ∈ C0(G) we have that
(2.9) (∆⊗ id)◦θ(a) = (∆⊗ id)(X(a⊗ 1)X∗) = W12X13(a⊗ 1⊗ 1)X
∗
13W
∗
12.
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Now using (2.2), we can continue calculations from (2.9) and get:
W12X13(a⊗ 1⊗ 1)X
∗
13W
∗
12 =X23W12X
∗
23(a⊗ 1⊗ 1)X23W
∗
12X
∗
23 =
=X23W12(a⊗ 1⊗ 1)W
∗
12X
∗
23 =
=X23
(
W(a⊗ 1)W∗
)
12
X23 =
=X23(∆(a))12X
∗
23 = (id⊗ θ)◦∆(a)
(2.10)
Proposition 2.8. Assume θ ∈ Mor(C0(G), C0(G) ⊗ B) is such that (∆ ⊗ id)◦θ = (id⊗ θ)◦∆.
Then there is a unique unitary X ∈ M(C0(Ĝ)⊗B) such that θ(a) = X(a ⊗ 1)X∗ and X is an
antirepresentation of Ĝ.
Proof. The proof is essentially the same as first part of the proof of [MRW12, Theorem 5.3], but
we repeat it for later use.
Denote X˜ = W∗12 ((id⊗ θ)(W)) ∈ M(C0(Ĝ)⊗ C0(G)⊗B). We will show that W23X˜124W
∗
23 =
X˜134, then using [MRW12, Theorem 2.6] we conclude that X˜ ∈ M(C0(Ĝ)⊗ C1⊗B), so in fact
there exists X ∈M(C0(Ĝ)⊗B) with X˜ = X13. We compute
W23X˜124W
∗
23 = W23W
∗
12W
∗
23W23
(
(id⊗ θ)W
)
124
W∗23 =
= W∗13W
∗
12(id⊗∆⊗ id)
(
(id⊗ θ)W
)
=
= W∗13W
∗
12
(
(id⊗ id⊗ θ)(id⊗∆)W
)
=
= W∗13W
∗
12
(
(id⊗ id⊗ θ)W12W23
)
=
= W∗13
(
(id⊗ id⊗ θ)W23
)
= X˜134
We now check that θ(a) = X(a⊗1)X∗. This is equivalent to showing that θ(a)13 = X˜(a⊗1⊗1)X˜
∗.
We compute:
X˜(a⊗ 1⊗ 1)X˜∗ = W∗12
(
(id⊗ θ)W
)
(a⊗ 1⊗ 1)
(
(id⊗ θ)W∗
)
W12 =
= W∗12
(
(id⊗ θ)(W(a⊗ 1)W∗)
)
W12 =
= W∗12
(
(id⊗ θ)∆(a)
)
W12 =
= W∗12
(
(∆⊗ id)θ(a)
)
W12 =
= W∗12(W12θ(a)13W
∗
12)W12 = θ(a)13
Showing that X is antirepresentation amounts to showing that (∆̂⊗ id⊗ id)X˜ = X˜234X˜134. Using
(1.4) and the definition of X˜ we get that:
(∆̂⊗ id⊗ id)X˜ =
(
((∆̂⊗ id)W∗)⊗ 1
)
(∆̂⊗ θ)W)
=W∗13W
∗
23((id⊗ id⊗ θ)W23)((id⊗ id⊗ θ)W13) =
=W∗13X˜234(∆̂⊗ θ)W) = X˜234X˜134
where in the last equality we used the fact that X˜234 = X24 commutes with W
∗
13. To prove
uniqueness, assume Y ∈M(C0(G)⊗B) is another such unitary. Because slices of W are dense in
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C0(G), we have that
X(a⊗ 1)X∗ = Y (a⊗ 1)Y ∗
for all a ∈ C0(G) is equivalent to saying that
X23W12X
∗
23 = Y23W12Y
∗
23
Rearranging terms, this is equivalent to
W∗12(Y
∗
23X23)W12 = Y
∗
23X23
which, in turn, is equivalent to
(∆̂⊗ id)(Y ∗X) = Y ∗13X13
We conclude from [MRW12, Corollary 2.9] that in fact X(1⊗u) = Y for some unitary u ∈M(B).
Applying (∆̂⊗ id) to both sides of this equality we get
X23X13(1⊗ 1⊗ u) = (∆̂⊗ id)(X(u⊗ 1)) = (∆̂⊗ id)Y
= Y23Y13 = X23(1⊗ 1⊗ u)X13(1⊗ 1⊗ u)
and hence u = 1, which finishes the proof. 
Summarizing, there are three equivalent ways of studying an embedding X →֒ G of a locally
compact quantum space into a locally compact quantum group (we recall that B = C0(X)), these
are as follows:
(1) the morphism β ∈ Mor(Cu0 (G), B);
(2) the unitary X ∈M(C0(Ĝ)⊗B), which is an antirepresentation of Ĝ
and
(3) the morphism θ ∈ Mor(C0(G), C0(G)⊗B) satisfying
(∆⊗ id)◦θ = (id⊗ θ)◦∆,
which corresponds to the partial action X y G by right shifts.
Fixing a non-degenerate representation of B ⊆ B(H) and denoting by B = B′′ the WOT-closure
of B in the WOT-topology induced by this embedding, we can (similarly as in the case of ho-
momorphisms), study the above objects in the von Neumann algebraic context. Indeed, we have
X ∈ L∞(Ĝ)⊗¯B ⊆ L∞(Ĝ)⊗¯B(H) and θ:L∞(G)→ L∞(G)⊗¯B satisfying
(∆⊗ id)◦θ = (id⊗ θ)◦∆,
because θ is obtained by conjugating with a unitary and as such extends to the WOT-closure of
C0(G). We will switch between these viewpoints freely later on. The passage from von Neumann
level to C∗-level is pretty much the same as in Section 1.3.
3. The case of two subgroups
The goal of this section is to discuss the notion of compact quantum group generated by two
closed quantum subgroups in the sense of [BCV17], as well as the notion of joint fullness of a
family of (corestriction functors induced by) Hopf quotients in the sense of [Chi15], in the context
of Hopf image and to extend it to the non-compact case.
Let then G be a locally compact quantum group and let H1,H2 be its two closed subgroups
(for i = 1, 2, denote by πi:C
u
0 (G)→ C
u
0 (Hi) the corresponding Hopf surjection, by γi:L
∞(Ĥi)→
L∞(Ĝ) the corresponding inclusions and by V Hi ∈ L∞(Ĝ)⊗¯L∞(Hi) the corresponding bicharac-
ters). Consider the two ideals: C0(G \ (H1 ∪ H2)): = ker(π1) ∩ ker(π2) and C0(G \ (H1 · H2)): =
ker((π1 ⊗ π2)◦∆
u
G
) and the two quotients
(3.1) q∪:Cu0 (G)→ C0(H1 ∪H2) = C
u
0 (G)
/
C0(G \ (H1 ∪H2))
and
(3.2) q•:Cu0 (G)→ C0(H1 ·H2) = C
u
0 (G)
/
C0(G \ (H1 ·H2))
Proposition 3.1. The following von Neumann subalgebras of L∞(Ĝ) are equal:
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• M1,2, the smallest von Neumann algebra containing both γ1(L
∞(Ĥ1)) and γ2(L∞(Ĥ2));
• M• = {(id⊗ω◦q
•) W:ω ∈ C0(H1 ·H2)∗}′′;
• M∪ = {(id⊗ω◦q
∪) W:ω ∈ C0(H1 ∪H2)∗}′′.
• MV,1,2 = {(id⊗ω1 ⊗ ω2)V
H1
12 V
H2
13 : ωi ∈ L
1(Hi)}′′
Proof. M1,2 = M∪. Observe that ker(q
∪) = ker(π1⊕ π2), hence arguing as in the proof of the first
part of Lemma 2.3 we may replace q∪ with π1⊕π2 in the definition of M∪ (and the functionals are
on a different C∗-algebra then). Recall that (Cu0 (H1) ⊕ C
u
0 (H2))
∗ = Cu0 (H1)
∗
⊕ Cu0 (H2)
∗
, hence
every ω appearing in the definition of M∪ can be written as ω = ω1⊕ω2 for ωi ∈ C
u
0 (Hi)
∗
. Hence
M∪ =
(
γ1(L
∞(Ĥ1)) + γ2(L
∞(Ĥ2))
)′′
= M1,2
as desired.
M1,2 = M•. Recall that the linear span of the functionals of the form ω1⊗ω2 on A⊗B is weak
∗-
dense in (A⊗B)∗ for any C∗-algebrasA,B. Further, as (id⊗q•) W= ((id⊗π1) W)12((id⊗π2) W)13,
to compute M• it is enough to understand the von Neumann algebra generated by operators of
the form ((id⊗ω1◦π1) W)((id⊗ω2◦π2) W) thanks to Lemma 1.1. But it is then clear that
M∪ =
(
γ1(L
∞(Ĥ1)) · γ2(L
∞(Ĥ2))
)′′
= M1,2
as desired.
MV,1,2 = M1,2. Similarly as in the previous step, it is immediate to see that
MV,1,2 =
(
γ1(L
∞(Ĥ1)) · γ2(L
∞(Ĥ2))
)′′
= M1,2

Definition 3.2. We call the Hopf image of either of the maps q• and q∪ the closed quantum
subgroup generated by H1 and H2 and denote it by 〈H1,H2〉. More generally, if Hi ⊂ G is a
family of subgroups (i ∈ I), then we denote by 〈
⋃
i∈I Hi〉 the subgroup generated by this family:
the subgroup corresponding to the Baaj-Vaes subalgebra (
⋃
i∈I γi(L
∞(Ĥi)))
′′
.
4. Separation of homomorphisms
Let G,K be locally compact quantum groups and let a homomorphism of quantum groups
G→ K be described by a Hopf ∗-homomorphism ϕ ∈Mor(Cu0 (K), C
u
0 (G)) and a bicharacter V ∈
M(C0(K̂)⊗ C0(G)). Let B be a C∗-algebra, β ∈ Mor(Cu0 (G), B), the corresponding unitary X ∈
M(C0(Ĝ)⊗B) is given by X = (id⊗β) WG. Let us describe in detail the unitary corresponding
to β◦ϕ. It is given by Y = (id⊗β◦ϕ) WK.
Lemma 4.1. The unitaries X,Y, V obey the following equation:
Y13 = V
∗
12X23V12X
∗
23 ∈M(C0(K̂)⊗K(L
2(G))⊗B)
Proof. Let ϕ̂ ∈ Mor(Cu0 (Ĝ), C
u
0 (K̂)) be the Hopf
∗-homomorphism linked to ϕ by (1.12), that is,
this Hopf ∗-homomorphism describes the homomorphism of quantum groups K̂ → Ĝ dual to the
fixed homomorphism G→ K. Application of Λ
K̂
⊗ ΛG to both sides of (1.12) yields
V = (id⊗ΛG◦ϕ) W
K = (Λ
K̂
◦ϕ̂⊗ id)WG
Application of Λ
K̂
◦ϕ̂⊗ id⊗β to both sides of (1.3) gives:
(LHS) =(Λ
K̂
◦ϕ̂⊗ id⊗β)V VG13 = (id⊗ id⊗β)
(
Λ
K̂
◦ϕ̂⊗ id⊗ id)V VG13
)
=
=(id⊗ id⊗β)
(
Λ
K̂
⊗ id⊗ϕ)V VG13
)
=
(
(id⊗β◦ϕ) WG
)
13
= Y13
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and
(RHS) =(Λ
K̂
◦ϕ̂⊗ id⊗β)
(
(WG12)
∗
W
G
23W
G
12( W
G
23)
∗
)
=
=
(
(Λ
K̂
◦ϕ̂⊗ id)WG
)∗
12
(
(id⊗β) WG
)
23
(
(Λ
K̂
◦ϕ̂⊗ id)WG
)
12
(
(id⊗β) WG
)∗
23
=
=
(
(id⊗ΛG◦ϕ)( W
K)∗
)
12
X23
(
(id⊗ΛG◦ϕ)( W
K)
)
12
X∗23 = V
∗
12X23V12X
∗
23

Recall the vague interpretation B = C0(X) and βˆ:X →֒ G. With the notation as above, by
the restriction of a homomorphism G → K to the subset X ⊂ G we mean the map β ◦ϕ ∈
Mor(Cu0 (K), B).
Theorem 4.2 (Theorem B). Assume β is generating. Consider two quantum group homomor-
phisms G → K described by ϕ, ϕ˜ ∈ Mor(Cu0 (K), C
u
0 (G)). If their restrictions to X coincide, then
the homomorphisms coincide on the whole of G: ϕ = ϕ˜.
Proof. Let us denote by V, V˜ ∈M(C0(K̂)⊗ C0(G)) and by ρ, ρ˜ ∈ Mor(C0(K), C0(G)⊗C0(K)) the
bicharacters and right quantum group homomorphisms corresponding to ϕ, ϕ˜, respectively.
Now, if β◦ϕ = β◦ϕ˜, then the corresponding unitaries coincide: Y = Y˜ ∈M(C0(K̂)⊗B). Using
Lemma 4.1 one may rewrite this as
V˜ ∗12X23V˜12X
∗
23 = V
∗
12X23V12X
∗
23
or equivalently
V˜ ∗12X23V˜12 = V
∗
12X23V12.
By slicing with ω ∈ B∗ on the third leg we see that the right quantum group homomorphisms ρ
and ρ˜ agree on the M1 (they are normal
∗-homomorphisms). But applying (τ K̂t ⊗ τ
G
t ⊗ id) and
remembering that (τ K̂t ⊗ τ
G)(V ) = V (and likewise for V˜ ) we see that ρ and ρ˜ have the same
values on τ̂t(M1) and once again, by normality of ρ, ρ˜, they coincide on (
⋃
t∈R τ̂t(M1))
′′ = MBV
(by Theorem 2.6). By assumption, MBV = L
∞(Ĝ), hence ρ = ρ˜. This ends the proof, as ρ and ρ˜
determine the homomorphisms G→ K uniquely (see [MRW12, Theorem 5.3]). 
Theorem 4.2 says that a homomorphism between quantum groups is uniquely determined by its
values on a quantum generating set. The rest of Section 4 is devoted to reversing the implication
in case G is discrete: if a subset has the property that homomorphisms between quantum groups
are uniquely determined by their values on this set, then the set in question is generating. In other
words, we will manufacture two different homomorphisms that agree on a given subset, provided
that it is not generating. To this end, let β ∈ Mor(c0(G), B) be a morphism with Hopf image
(π,H, β˜) such that H ( G. Denote by K = G ∗H G. Using [Wan95, Theorem 3.4 & Corollary 3.5],
one can describe K as follows.
Consider first the free product K′ = G∗G, it is given by the C∗-algebra Cu(K̂′) = Cu(Ĝ)∗Cu(Ĝ)
(amalgamated over C1). Denote by i1, i2 the maps Cu(Ĝ) → Cu(Ĝ) ∗ Cu(Ĝ) = Cu(K̂′) putting
the copy of Cu(Ĝ) in the first and second spot, respectively, these maps are Hopf morphisms.
Denote by π̂:Cu(Ĥ)→ Cu(Ĝ) the homomorphism dual to π.
Lemma 4.3. π̂ is not surjective.
Proof. Assume it is. Using (1.13) we then have that γ:L∞(Ĥ) → L∞(Ĝ) is surjective, which
contradicts our assumption H 6= G. 
Denote by I ⊆ Cu(K̂′) the closed ideal generated by {i1◦π̂(x)− i2◦π̂(x) : x ∈ Cu(Ĥ)}.
Lemma 4.4. There exists y ∈ Cu(G) such that i1(y)− i2(y) /∈ I.
HOPF IMAGES IN LOCALLY COMPACT QUANTUM GROUPS 15
Proof. Consider the smallest C∗-subalgebra of Cu(K̂′) generated by i1(Cu(Ĝ)) and i2(π̂(Cu(Ĥ))
inside Cu(K̂′): let it be called A. It follows from the concrete description of the free product (see,
e.g. [BO08, §4.7]) that A 6= Cu(K̂′) (this of course needs Lemma 4.3). Let then ω ∈ Cu(K̂′)∗ be a
non-zero functional such that ω ↾A= 0. Then in particular ω ↾I= 0. Let y ∈ C
u(Ĝ) \ π̂(Cu(Ĥ)).
Then
ω(i1(y)− i2(y)) = −ω(i2(y))
It is now clear that for a given y as above one could have chosen ω such that ω(i2(y)) 6= 0 and
ω ↾A= 0. Indeed, first pick non-zero ω˜ ∈ C
u(Ĝ) such that ω˜ ↾pi(Cu(Ĥ))= 0 and ω˜(y) 6= 0. Then
ω = ω˜◦i2 ∈ C
u(K̂′)∗ is the required functional. 
As the final step of constructing K = G ∗H G, one considers q:C(K̂′) → C(K̂) = C(K̂
′) /I .
Consider the morphisms ϕj = q̂◦ij: c0(K)→ c0(G) for j = 1, 2. Then one has
Proposition 4.5. The Hopf ∗-homomorphisms ϕj satisfy β◦ϕ1 = β◦ϕ2 and are distinct.
Proof. Observe that it is enough to show that ϕj coincide on H, i.e.
(4.1) π◦ϕ1 = π◦ϕ2
because β = β˜◦π. The equality (4.1) is equivalent to the equality
(4.2) π̂◦ϕ1 = π̂◦ϕ2
But composition of morphisms satisfies ϕ̂◦φ = φ̂◦ϕ̂, hence (4.2) is equivalent to
(4.3) q◦i1◦π̂ = ϕ̂1◦π̂ = ϕ̂2◦π̂ = q◦i2◦π̂
which holds in the quotient C(K̂) = C(K̂′) /I , as desired.
Now using y ∈ Cu(Ĝ) from Lemma 4.4 we can see that ϕ1 6= ϕ2. Indeed,
ϕ̂1(y)− ϕ̂2(y) = q((i1 − i2)(y)) 6= 0
from the definition of y and hence ϕ1 6= ϕ2. 
Let us summarize these ideas in the following
Theorem 4.6. Let G be a discrete quantum group and let β ∈ Mor(c0(G), B) be a morphism.
Then β is generating if and only if for any quantum group K and any pair of homomorphisms
G→ K described by ϕ, ϕ˜ ∈Mor(c0(K), c0(G)) one has β◦ϕ = β◦ϕ˜ ⇐⇒ ϕ = ϕ˜ .
5. β-restriction and generating morphisms
Let A be a C∗-algebra and let U ∈ M(A⊗ C0(G)) be a representation of G on A. Reasoning
similarly as in the proof of Proposition 2.8 (with certain W’s replaced by U), one can prove the
following proposition:
Proposition 5.1. Let θ ∈Mor(C0(G), C0(G)⊗ B) be a morphism satisfying
(∆G ⊗ id)◦θ = (id⊗ θ)◦∆G.
There exists a unique unitary element Y ∈M(A⊗B) such that (id⊗ θ)U = U12Y13.
Definition 5.2. Let β ∈ Mor(Cu0 (G), B) be a morphism, θ ∈ Mor(C0(G), C0(G) ⊗ B) be the
morphism assigned to β via (2.6), let U ∈ M(A⊗ C0(G)) be a representation of G in A. Then
Y ∈M(A⊗B) obtained by Proposition 5.1 will be denoted Uβ and called the β-restriction of U .
Remark 5.3. Observe that (2.7) may be interpreted as Wβ = X = (id⊗β) W.
Theorem 5.4 (Theorem C). With the notation as above
(i) The morphism β is generating.
(ii) {(id⊗β∗ω) W| ω ∈ B
∗}′′ = L∞(Ĝ).
(iii) {x ∈ L∞(G) | θ(x) = x⊗ 1} = C1.
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(iv) β-restriction is an injective assignment: β-restrictions of any two distinct representations
of G are distinct.
We have (i) =⇒(ii) ⇐⇒ (iii) ⇐⇒ (iv). Moreover, (i) =⇒ (ii) provided that G is compact or
discrete or τut (ker(β)) ⊆ ker(β) for all t ∈ R (in particular, if G is of Kac type).
Proof. (ii) =⇒ (i). This is obvious in view of Theorem 2.6.
(ii) =⇒ (iii). This follows by applying co-duality to both sides of the equation in (ii), see [KS14b,
Section 3]. An elementary proof is given in [Jo´z16, Theorem 3.15].
(iii) =⇒ (iv). Let U, V ∈ M(K(H)⊗ C0(G)) be two representations of G in the same Hilbert
space H. Assume that Uβ = V β ∈M(K(H)⊗B). We have:
(id⊗ θ)(UV ∗) = U12U
β
13(V
β
13)
∗V ∗12 = U12V
∗
12.
Thus condition (ii) ensures us that there exists a unitary element u ∈ B(H) such that U = (u⊗1)V .
Applying (id⊗∆) to both sides of this equality we get that u = 1 as in the last step of the proof
of Proposition 2.8.
(iv) =⇒ (ii). Assume that (ii) does not hold, i.e. we have that M1 ( L∞(Ĝ). Then we have
L∞(Ĝ)
′
( M′1 ⊂ B(L
2(G)), so pick a unitary u ∈ M′1 \L
∞(Ĝ)
′
(it exists, as von Neumann algebras
are spanned by their unitary elements). Consider U = (u ⊗ 1)W(u∗ ⊗ 1) (it is obvious that
U ∈ Rep(G)). From the definition of u it is clear that U 6= W. But on the other hand we have
that
Uβ13 =U
∗
12((id⊗ θ)U) =
=U∗12
(
(id⊗ θ)
(
(u⊗ 1)W(u∗ ⊗ 1)
))
=
=(u⊗ 1⊗ 1)W∗12(u
∗ ⊗ 1⊗ 1)(u⊗ 1⊗ 1)
(
(id⊗ θ)W
)
(u∗ ⊗ 1⊗ 1) =
=(u⊗ 1⊗ 1)Wβ13(u
∗ ⊗ 1⊗ 1) =
=(u⊗ 1⊗ 1)X13(u
∗ ⊗ 1⊗ 1) = X = Wβ13
Where the equalities in the last line follow from the fact that Wβ = X (cf. Remark 5.3) and the
fact that X ∈ M1⊗¯B(H) (for a fixed non-degenerate representation π ∈ Mor(B,K(H))) and hence
the first leg of X commutes with u.
(i) =⇒ (ii) under additional assumptions. This was discussed in Proposition 2.5 and Theorem 2.6
and boils down to M1 being automatically τ -invariant. 
Remark 5.5. In fact Theorem 4.2 can be deduced from Theorem 5.4 in the case of compact,
discrete and Kac type quantum groups: it relies on the implication (iv) =⇒ (iii) for representations
coming from bicharacters describing homomorphisms. Its converse, Theorem 4.6, valid for discrete
quantum groups, for which (iv) =⇒ (iii) holds automatically, is stronger than just this implication:
one can detect injectivity of the β-restriction map not only in the class of all representations, but
also in the class of bicharacters coming from homomorphisms.
6. Promotion of intertwiners
Let U ∈ M(K(HU )⊗ C0(G)) ⊆ B(HU )⊗¯L∞(G) be a representation of G. Let us call B the
C∗-subalgebra of B(HU ) generated by slices of U , then U ∈ M(B ⊗ C0(G)) ⊆ B⊗¯L∞(G), where
the bicommutant B = B′′ is taken inside B(HU ). Let ϕ ∈ Mor(C
u
0 (Ĝ), B) be the unique morphism
such that U = (ϕ⊗ id)W (given by Theorem 1.2).
We would like to interpret X = σ(U)∗ ∈ M(C0(G)⊗B) (which is now an antirepresentation)
as a quantum subset X ⊂ Ĝ. Let then θ:L∞(Ĝ)→ L∞(Ĝ)⊗¯B be the map given by (2.6).
Also, for any representation U˜ ∈M(A⊗ C0(Ĝ)) of Ĝ there exists a unique U˜ϕ ∈M(A⊗B) –
the restriction of the family of unitaries U˜ to the quantum subset X ⊂ Ĝ (given by Proposition 5.1).
The precise formula is
(6.1) U˜ϕ13 = U˜
∗
12(id⊗ θ)(U˜).
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Let us use the following notation: whenever π ∈ Mor(Cu0 (G), C
u
0 (H)) is a Hopf
∗-homomor-
phism, we denote by πr = ΛH◦π ∈ Mor(C
u
0 (G), C0(H)) the reduction of this morphism. We begin
with computing the restriction of U ∈ M(B ⊗ C0(G)) to the subset H ⊂ G, where H is a closed
quantum subgroup (via π:Cu0 (G)→ C
u
0 (H), normal embedding γ:L
∞(Ĥ)→ L∞(Ĝ) and with the
aid of the bicharacter V ∈M(C0(Ĥ)⊗ C0(G))).
Upi
r
13 = U
∗
12V23U
∗
12V
∗
23
= (ϕ ⊗ id⊗Λ◦π)(W∗12 W23W12 W
∗
23)
= ((ϕ⊗ Λ◦π)V V)13 = ((ϕ◦πˆ ⊗ id)W
H)13
(6.2)
In the first equality we used (6.1) and (1.3) in the third equality. In fact the above computation
works also for Woronowicz-closed quantum subgroups. For later use, let us compute (θ ⊗ id)V .
(θ ⊗ id)V = X12V13X
∗
12 = (σ ⊗ id)(U
∗
12V23U12)
= (σ ⊗ id)((ϕ⊗ id⊗Λ◦π)W∗12 W23W12)
= (σ ⊗ id)((ϕ⊗ id⊗Λ◦π)(V V13 W23)
= ((ϕ⊗ Λ◦π)V V)23V13 = U
pir
23 V13
(6.3)
In particular if H = G and V = W, then (6.3) simply says that (θ ⊗ id)W = U23W13 (cf. (2.7)).
Let us denote by θ˜ the map given by (2.6), associated to the Upi
r
, a representation of H.
Lemma 6.1. The maps (γ ⊗ id)◦θ˜ and θ◦γ coincide on L∞(Ĥ).
Proof. Using (6.3) we have
(6.4) ((θ◦γ)⊗ id)(WH) = (θ ⊗ id)V = Upi
r
23 V13
On the other hand using (6.2) we obtain:
(σ ⊗ id)◦(θ˜ ⊗ id)(WH) = (Upi
r
)∗12W
H
23U
pir
12
= (ϕ◦πˆ ⊗ id⊗ id)((WH12)
∗WH23W
H
12)
= (ϕ◦πˆ ⊗ id⊗ id)((WH13)W
H
23) = U
pir
13W
H
23,
(6.5)
where in the third equality we used (1.3) (after reducing the third leg) . Application of (σ ⊗ id)
to both sides of (6.5) yields:
(6.6) (θ˜ ⊗ id)(WH) = Upi
r
23W
H
13,
Applying (γ ⊗ id) to both sides of (6.6) and comparing it to (6.4) we obtain:
(6.7) ((θ◦γ)⊗ id)(WH) = (γ ⊗ id)◦(θ˜ ⊗ id)(WH)
and the conclusion follows from WOT-density of slices of WH in L∞(Ĥ). 
Theorem 6.2. Let H1,H2 ⊂ G be closed quantum subgroups of a locally compact quantum group
G identified via πi ∈Mor(Cu0 (G), C
u
0 (Hi)). Then the following conditions are equivalent:
(i) G = 〈H1,H2〉 (in the sense of Section 3);
(ii) for all representations U ∈ B(HU )⊗¯L
∞(G) of G we have that
(6.8) {(id⊗ω)(U) : ω ∈ L1(G)}′′ = {(id⊗ω1 ⊗ ω2)(U
pir
1
12 U
pir
2
23 ) : ωi ∈ L
1(Hi)}
′′;
(iii) for the right regular representation W ∈ B(L2(G))⊗¯L∞(G) we have that
(6.9) {(id⊗ω)(W) : ω ∈ L1(G)}′′ = {(id⊗ω1 ⊗ ω2)(W
pir
1
12W
pir
2
23 ) : ωi ∈ L
1(Hi)}
′′.
Proof. (i) =⇒ (ii). Assume that G = 〈H1,H2〉, where the embedding Hi ⊂ G is described by means
of a Hopf ∗-homomorphism πi ∈ Mor(C
u
0 (G), C
u
0 (Hi)) and a bicharacter V
Hi ∈ L∞(Ĝ)⊗¯L∞(Hi).
From Proposition 3.1 this is to say that
(6.10) L∞(Ĝ) = {(id⊗ω)W : ω ∈ L1(G)}′′ = {(id⊗ω1 ⊗ ω2)V
H1
12 V
H2
13 : ωi ∈ L
1(Hi)}
′′
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Let us fix a representation U ∈ B⊗¯L∞(G) of G interpret it as a quantum subset X ⊂ Ĝ as in
the introduction. Let then θ:L∞(Ĝ)→ L∞(Ĝ)⊗¯B be the corresponding morphism. Let us apply
the map θ to middle and right hand side of (6.10). The right hand side is then
{(θ ⊗ ω1 ⊗ ω2)(V
H1
12 V
H2
13 ) : ωi ∈ L
1(Hi)}
′′ = {(id⊗ id⊗ω1 ⊗ ω2)(U
pir
1
23 V
H1
13 U
pir
2
24 V
H2
14 ) : ωi ∈ L
1(Hi)}
′′
= {(id⊗ id⊗ω1 ⊗ ω2)(U
pir
1
23 U
pir
2
24 V
H1
13 V
H2
14 ) : ωi ∈ L
1(Hi)}
′′
(6.11)
whereas the left (middle) hand side is
{(θ ⊗ ω)(W) : ω ∈ L1(G)}′′ = {(id⊗ id⊗ω)(U23W13) : ω ∈ L
1(G)}′′(6.12)
Applying (η ⊗ id) for η ∈ L1(Ĝ) to all elements appearing in (6.12) and (6.11), by normality,
yields:
{(η ⊗ id⊗ω1 ⊗ ω2)(U
pir
1
23 U
pir
2
24 V
H1
13 V
H2
14 ) : ωi ∈ L
1(Hi)}
′′
= {(η ⊗ id⊗ω)(U23W13) : ω ∈ L
1(G)}′′
Now letting η run through the whole set L1(Ĝ), we obtain
{(η ⊗ id⊗ω1 ⊗ ω2)(U
pir
1
23 U
pir
2
24 V
H1
13 V
H2
14 ) : ωi ∈ L
1(Hi), η ∈ L
1(Ĝ)}′′
= {(η ⊗ id⊗ω)(U23W13) : ω ∈ L
1(G), η ∈ L1(Ĝ)}′′
(6.13)
Remembering that (η ⊗ id)W generate C0(G) and that C0(G) ⊆ B(L2(G)) is nondegenerate,
observe that the natural action of C0(G) on B(L2(G))∗ is non-degenerate (cf. [DKSS12, eq. (1.2)]),
hence the right-hand side of (6.13) reads as:
{(η ⊗ id⊗ω)(U23W13) : ω ∈ L
1(G), η ∈ L1(Ĝ)}′′
= {(η ⊗ id⊗ω)(U23) : ω ∈ L
1(G), η ∈ L1(Ĝ)}′′
= {(id⊗ω)(U) : ω ∈ L1(G)}′′
(6.14)
and similarly the left-hand side of (6.13) turns into
{(η ⊗ id⊗ω1 ⊗ ω2)(U
pir
1
23 U
pir
2
24 V
H1
13 V
H2
14 ) : ωi ∈ L
1(Hi), η ∈ L
1(Ĝ)}′′
= {(η ⊗ id⊗ω1 ⊗ ω2)(U
pir
1
23 U
pir
2
24 ) : ωi ∈ L
1(Hi), η ∈ L
1(Ĝ)}′′
= {(id⊗ω1 ⊗ ω2)(U
pir
1
12 U
pir
2
23 ) : ωi ∈ L
1(Hi)}
′′
(6.15)
since V Hi generates C0(Hi) (see [DKSS12, Definition 3.2, Theorem 3.5 & Theorem 3.4]). Com-
bining (6.13) with (6.15) and (6.14), we obtain (6.8). (ii) =⇒ (iii) is obvious, as one specializes
U = W, whereas (iii) =⇒ (i) was already shown in Proposition 3.1 (and used as the starting point
of the implication (i) =⇒ (ii)). 
Recall that for two representations U ∈ B(HU )⊗¯L
∞(G) and U˜ ∈ B(HU˜ )⊗¯L
∞(G) of a locally
compact quantum group G we denote by HomG(U, U˜) = {t ∈ B(HU ,HU˜ ) : (t ⊗ 1)U = U˜(t ⊗ 1)}
the set of intertwiners between U and U˜ . Then one obviously has HomG(U, U˜) ⊆ HomH(U
pir , U˜pi
r
)
for every closed quantum subgroup H ⊂ G.
Lemma 6.3. With the notation as above, let t ∈ B(HU ). Then t ∈ HomG(U,U) if and only if
(1⊗ t)θ(a) = θ(a)(1⊗ t) for all a ∈ L∞(Ĝ).
Proof. ( =⇒ ) This follows from the following simple computation, with a ∈ L∞(Ĝ) and t ∈
MorG(U,U):
σ
(
(1⊗ t)θ(a)
)
= (t⊗1)U(1⊗a)U∗ = U(1⊗a)(t⊗1)U∗ = U(1⊗a)U∗(t⊗1) = σ
(
θ(a)(1⊗ t)
)
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( =⇒) It is clear (and follows from WOT-density of slices of WG = W in L∞(Ĝ)) that the
assumption is equivalent to:
(6.16) (1⊗ t⊗ 1)(θ ⊗ id)(W) = (θ ⊗ id)(W)(1 ⊗ t⊗ 1)
and using (2.6) one develops (6.16) to obtain:
(6.17) t1U
∗
12W23U12 = U
∗
12W23U12t1
which can be rewritten as
(6.18) U12t1U
∗
12 = W23U12t1U
∗
12W
∗
23
Observe that the right hand side of (6.18) is nothing but (id⊗∆)(U12t1U
∗
12), so using ergodicity
of coproduct (see, e.g. [MRW12, Theorem 2.6]) we have that
U12t1U
∗
12 ∈ B(HU )⊗¯C1⊗¯C1
Let then m ∈ B be such that:
(6.19) U(t⊗ 1)U∗ = m⊗ 1
and write this as
(6.20) U(t⊗ 1) = (m⊗ 1)U
Applying (id⊗∆) to both sides of (6.20) and rearranging the terms one arrives at
(6.21) B(HU )⊗¯C1⊗¯L
∞(G) ∋ U13t1U
∗
13 = U12m1U
∗
12 ∈ B(HU )⊗¯L
∞(G)⊗¯C1
Hence it follows (see, e.g. [KR92, 12.4.36]) that
(6.22) m1 = U13t1U
∗
13 = U12m1U
∗
12
and consequently m ⊗ 1 commutes with U and hence t = m, which finishes the proof in view of
(6.19). 
Theorem 6.4 (Theorem D). Let (Hi)i∈I ⊂ G be a family of closed subgroups. Then G is generated
by (Hi)i∈I if and only if for all representations U ∈ B(HU )⊗¯L∞(G) and U˜ ∈ B(HU˜ )⊗¯L
∞(G) we
have that
(6.23) HomG(U, U˜) =
⋂
i∈I
HomHi(U
piri , U˜pi
r
i )
Proof. It is clear (and noted before Lemma 6.3) that
HomG(U, U˜) ⊆
⋂
i∈I
HomHi(U
piri , U˜pi
r
i )
hence the genuine statement is to obtain the converse containment, under assumption that G is
generated by (Hi)i∈I .
Assume first that U = U˜ and t ∈
⋂
i∈I HomHi(U
piri , Upi
r
i ). Then
(t⊗ 1)θ˜i(a) = θ˜i(a)(t⊗ 1)
for all i ∈ I and a ∈ L∞(Ĥi), where θ˜i is as Lemma 6.1 for Hi ⊂ G. But Lemma 6.1, together
with the assumption L∞(Ĝ) = (
⋃
i∈I γi(L
∞(Ĥi)))
′′
and normality of all the maps involved gives
us that
(t⊗ 1)θ(a) = θ(a)(t⊗ 1)
for all and a ∈ L∞(Ĝ), hence we conclude by Lemma 6.3 that t ∈ HomG(U,U)
If now U and U˜ are arbitrary, one can consider U ⊕ U˜ . Observe that then t ∈ HomG(U, U˜) if
and only if
T =
(
0 0
t 0
)
∈ HomG(U ⊕ U˜ , U ⊕ U˜)
To conclude (6.23), we apply the first part of the proof to U ⊕ U˜ and T . The only things that one
needs to verify is that (U ⊕ U˜)pi
r
i = Upi
r
i ⊕ U˜pi
r
i (which is clear in view of (1.8)) and that the block
form of T remains after we restrict U ⊕ U˜ to any Hi, which is again obvious.
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To prove the other implication, let us pick 1 ∈ I and consider H1 ⊂ G and H2 = 〈
⋃
i∈I\{1}Hj〉.
It is now enough to take (6.23) with U = U˜ = W to arrive at (the commutant of) (6.9). We are
done thanks to Theorem 6.2. 
Let us note the following
Corollary 6.5. Assume that G is generated by (Hi)i∈I and let U ∈ B(HU )⊗¯L∞(G) be a repre-
sentation of G. If K ⊆ H is preserved by each Hi, then it is preserved by G.
Proof. K ⊆ H is preserved by each Hi if and only if pK ∈ MorHi(U
piri , Upi
r
i ). We are done thanks
to Theorem 6.4. 
Now let us remark the following:
Theorem 6.6. Let G be a compact quantum group.
(1) The quantum group G is topologically generated by the quantum subgroups H1 and H2 (in
the sense of [BCV17]) if and only if G = 〈H1,H2〉 (in the sense of Definition 3.2).
(2) The family of Hopf quotients Cu(G) → Cu(Hi) forms a jointly full family (in the sense
of [Chi15]) if and only if G = 〈
⋃
i∈I Hi〉 (in the sense of Definition 3.2).
Proof. (1) The proof was outlined in [BCV17, Remark 3] and relies on Theorem 6.4 which
extends [BB10, Corollary 8.2] outside the compact realm.
(2) The way joint fullness is phrased in [Chi15, Definition 2.15] is precisely the conclusion of
Theorem 6.4.

7. Examples and applications
7.1. Classical subsets in quantum groups. Fix a morphism β ∈ Mor(Cu0 (G), B) and assume
that the C∗-algebra B is commutative. Then from general theory of C∗-algebras it follows that
β factors through the abelianization of Cu0 (G). The latter was identified in [Daw16,KN13] as a
closed quantum subgroup of G: the group of characters of G, or the maximal classical subgroup
of G, which we denote by G. Thus the Hopf image of the morphism β is not bigger than G, and
it is precisely the subgroup of G generated by the image of the spectrum of B under the Gelfand
dual map of β, as one can easily check ( [Jo´z16, Theorem 3.5]).
7.2. Quantum “az + b” groups. The quantum “az + b” groups were introduced in [Wor01]
and [So l05] are quantum deformations of the group of affine transformations of C. The construction
of a quantum “az + b” group begins with a choice of a complex deformation parameter q from a
certain set (see [So l05]). The parameter determines a multiplicative subgroup Γ of C \ {0} and we
let Γ be the closure of Γ in C which is Γ ∪ {0}. The C∗-algebra C0(G) is then isomorphic to the
crossed product C0(Γ)⋊Γ with the action of Γ on Γ given by multiplication of complex numbers.
Let b be the image under the natural morphism C0(Γ) → C0(Γ)⋊ Γ = C0(G) of the element z
affiliated with C0(Γ) given by z(γ) = γ for all γ ∈ Γ. Then b is normal and its spectrum is equal
to Γ. Furthermore let {Uγ}γ∈Γ be the family of unitaries in M(C0(G)) implementing the action
of Γ. Then for any γ ∈ Γ we have UγbU
∗
γ = γb.
The quantum group G is coamenable ( [So l05, Section 6.2]), so C0(G) = Cu0 (G) and so any
morphism β ∈Mor(Cu0 (G), B) is determined by a covariant representation of the dynamical system
(Γ,Γ). Using this one can show that β is either injective, or it has commutative image. In the
latter case the Hopf image is a classical group, so there is no generating morphism β which is not
an isomorphism. In the dual language we can formulate this by saying that the quantum “az+ b”
group does not contain a proper subset which generates it.
7.3. Double groups. The procedure of constructing so called “double groups” in the C∗-algebraic
framework goes back to the paper [PW90] where a quantum deformation of the group SL(2,C)
was constructed via the double group construction applied to the quantum SU(2) group. The
construction which we will very briefly recall below yields always a non-compact locally compact
quantum group and various examples have been presented in literature (see e.g. [Pus02]). Let us
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note that in [MNW03] the authors use an alternative name for the double group construction,
namely “quantum codouble”.
The very rough view of the construction of the double group built over a locally compact quan-
tum group K is as follows: the C∗-algebra C0(G) is defined as C0(K)⊗C0(K̂) with comultiplication
∆G defined on simple tensors by
∆G(a⊗ b) = W
K
23∆K(a)13∆K̂(b)24W
K
23
∗.
It turns out that G defined by (C0(G),∆G) is a locally compact quantum group. Moreover K and
K̂ are both closed quantum subgroups of G. If we let γK and γK̂ be the corresponding embeddings
L∞(K̂) → L∞(Ĝ) and L∞(K) → L∞(Ĝ) then by [Yam00, Section 4] (see in particular [Yam00,
Corollary 4.12 and Formula (QD7)]) L∞(Ĝ) is generated by the images of γK and γK̂. It follows
from Proposition 3.1 that G is generated by K and K̂.
7.4. Rieffel deformations. Rieffel deformation is a procedure which allows one to deform a lo-
cally compact group into a quantum group. In order to perform it one needs to fix an abelian
closed subgroup Γ of a locally compact group G and a 2-cocycle Ψ on Γ̂. The resulting quantum
group is denoted by GΨ, see [Kas11,Rie93,Rie95,EVn96] for further informations on Rieffel de-
formations. As noted in [Kas11, Section 3], if Γ ⊂ H ⊂ G is a chain of closed subgroups, then
HΨ ⊂ GΨ.
Now suppose that 〈H1, H2〉 = G and that Γ ⊂ H1 ∩H2. It follows from [Kas09, Theorem 4.12]
and Proposition 3.1 that 〈HΨ1 ,H
Ψ
2 〉 = G
Ψ. A particular example of this construction is obtained by
taking G = SL(2,C), H1 – the group of upper-triangular matrices and H2 are the lower-triangular
matrices; Γ = H1 ∩H2 ∼= C× is the group of diagonal matrices. For the 2-cocycle Ψ one can take
a cocycle described in [Kas09, Section 5].
Acknowledgement
PJ, PK and PMS were partially supported by the NCN (National Center of Science) grant
no. 2015/17/B/ST1/00085. PJ would like to express his gratitude to Alex Chirvasitu for asking
questions that led to the answers contained in Section 6, as well as polishing the presentation of
these results compared to the one given in [Jo´z16, Section 3.2.3].
References
[BB09] Teodor Banica and Julien Bichon. Quantum groups acting on 4 points. J. Reine Angew. Math., 626:75–
114, 2009.
[BB10] Teodor Banica and Julien Bichon. Hopf images and inner faithful representations. Glasg. Math. J.,
52(3):677–703, 2010.
[BCV17] Michael Brannan, Benoˆı t Collins, and Roland Vergnioux. The Connes embedding property for quantum
group von Neumann algebras. Trans. Amer. Math. Soc., 369(6):3799–3819, 2017.
[Bla06] B. Blackadar. Operator algebras, volume 122 of Encyclopaedia of Mathematical Sciences. Springer-
Verlag, Berlin, 2006. Theory of C∗-algebras and von Neumann algebras, Operator Algebras and Non-
commutative Geometry, III.
[BO08] Nathanial P. Brown and Narutaka Ozawa. C∗-algebras and finite-dimensional approximations, volume 88
of Graduate Studies in Mathematics. American Mathematical Society, Providence, RI, 2008.
[BS93] Saad Baaj and Georges Skandalis. Unitaires multiplicatifs et dualite´ pour les produits croise´s de C∗-
alge`bres. Ann. Sci. E´cole Norm. Sup. (4), 26(4):425–488, 1993.
[BV05] Saad Baaj and Stefaan Vaes. Double crossed products of locally compact quantum groups. J. Inst. Math.
Jussieu, 4(1):135–173, 2005.
[BY14] Julien Bichon and Robert Yuncken. Quantum subgroups of the compact quantum group SU−1(3). Bull.
Lond. Math. Soc., 46(2):315–328, 2014.
[Chi15] Alexandru Chirvasitu. Residually finite quantum group algebras. J. Funct. Anal., 268(11):3508–3533,
2015.
[CHK] A. Chirvasitu, S. O. Hoche, and P. Kasprzak. Fundamental isomorphism theorems for quantum groups.
Expo. Math. in press.
[Daw16] Matthew Daws. Categorical aspects of quantum groups: multipliers and intrinsic groups. Canad. J.
Math., 68(2):309–333, 2016.
[DKSS12] Matthew Daws, Pawe l Kasprzak, Adam Skalski, and Piotr M. So ltan. Closed quantum subgroups of
locally compact quantum groups. Adv. Math., 231(6):3473–3501, 2012.
22 PAWE L JO´ZIAK, PAWE L KASPRZAK, AND PIOTR M. SO LTAN
[EVn96] Michel Enock and Leonid Va˘ı nerman. Deformation of a Kac algebra by an abelian subgroup. Comm.
Math. Phys., 178(3):571–596, 1996.
[Izu02] Masaki Izumi. Non-commutative Poisson boundaries and compact quantum group actions. Adv. Math.,
169(1):1–57, 2002.
[Jo´z16] Pawe l Jo´ziak. Hopf images in Locally compact quantum groups. PhD thesis, IMPAN, 2016.
[Kas09] P. Kasprzak. Rieffel deformation via crossed products. J. Funct. Anal., 257(5):1288–1332, 2009.
[Kas11] P. Kasprzak. Rieffel deformation of homogeneous spaces. J. Funct. Anal., 260(1):146–163, 2011.
[KKS16] Mehrdad Kalantar, Pawe l Kasprzak, and Adam Skalski. Open quantum subgroups of locally compact
quantum groups. Adv. Math., 303:322–359, 2016.
[KKS17] P. Kasprzak, F. Khosravi, and P. M. So ltan. Integrable actions and quantum subgroups. Int. Math. Res.
Not., Published online (2017), 2017.
[KN13] Mehrdad Kalantar and Matthias Neufang. From quantum groups to groups. Canad. J. Math.,
65(5):1073–1094, 2013.
[KR92] Richard V. Kadison and John R. Ringrose. Fundamentals of the theory of operator algebras. Vol. IV.
Birkha¨user Boston, Inc., Boston, MA, 1992. Special topics, Advanced theory—an exercise approach.
[KS14a] P. Kasprzak and P. M. So ltan. Quantum groups with projection and extensions of locally compact
quantum groups. ArXiv e-prints, December 2014.
[KS14b] Pawe l Kasprzak and Piotr M. So ltan. Embeddable quantum homogeneous spaces. J. Math. Anal. Appl.,
411(2):574–591, 2014.
[KS15] Pawe l Kasprzak and Piotr M. So ltan. Quantum groups with projection on von Neumann algebra level.
J. Math. Anal. Appl., 427(1):289–306, 2015.
[KSS16] Pawe l Kasprzak, Adam Skalski, and Piotr M. So ltan. The canonical central exact sequence for locally
compact quantum groups. Math. Nachr., Published online (2016), 2016.
[Kus01] Johan Kustermans. Locally compact quantum groups in the universal setting. Internat. J. Math.,
12(3):289–338, 2001.
[KV00] Johan Kustermans and Stefaan Vaes. Locally compact quantum groups. Ann. Sci. E´cole Norm. Sup.
(4), 33(6):837–934, 2000.
[MNW03] Tetsuya Masuda, Yoshiomi Nakagami, and Stanis law Lech Woronowicz. A C∗-algebraic framework for
quantum groups. Internat. J. Math., 14(9):903–1001, 2003.
[MRW12] Ralf Meyer, Sutanu Roy, and Stanis law Lech Woronowicz. Homomorphisms of quantum groups. Mu¨nster
J. Math., 5:1–24, 2012.
[NY14] Sergey Neshveyev and Makoto Yamashita. Categorical duality for Yetter-Drinfeld algebras. Doc. Math.,
19:1105–1139, 2014.
[Pus02] W. Pusz. Quantum GL(2,C) group as double group over “az + b” quantum group. Rep. Math. Phys.,
49(1):113–122, 2002.
[PW90] P. Podles´ and S. L. Woronowicz. Quantum deformation of Lorentz group. Comm. Math. Phys.,
130(2):381–431, 1990.
[Rie93] Marc A. Rieffel. Deformation quantization for actions of Rd. Mem. Amer. Math. Soc., 106(506):x+93,
1993.
[Rie95] Marc A. Rieffel. Non-compact quantum groups associated with abelian subgroups. Comm. Math. Phys.,
171(1):181–201, 1995.
[So l05] Piotr Miko laj So ltan. New quantum “az + b” groups. Rev. Math. Phys., 17(3):313–364, 2005.
[SS16] Adam Skalski and Piotr M. So ltan. Quantum families of invertible maps and related problems. Canad.
J. Math., 68(3):698–720, 2016.
[SW07] Piotr M. So ltan and Stanis law Lech Woronowicz. From multiplicative unitaries to quantum groups. II.
J. Funct. Anal., 252(1):42–67, 2007.
[TT72] Masamichi Takesaki and Nobuhiko Tatsuuma. Duality and subgroups. II. J. Functional Analysis, 11:184–
190, 1972.
[Vae01] Stefaan Vaes. Locally compact quantum groups. PhD thesis, Katholieke Universiteit Leuven, 2001.
[Ver04] Roland Vergnioux. K-amenability for amalgamated free products of amenable discrete quantum groups.
J. Funct. Anal., 212(1):206–221, 2004.
[Ver05] Roland Vergnioux. Orientation of quantum Cayley trees and applications. J. Reine Angew. Math.,
580:101–138, 2005.
[Ver07] Roland Vergnioux. The property of rapid decay for discrete quantum groups. J. Operator Theory,
57(2):303–324, 2007.
[Wan95] Shuzhou Wang. Free products of compact quantum groups. Comm. Math. Phys., 167(3):671–692, 1995.
[Wor95] Stanis law Lech Woronowicz. C∗-algebras generated by unbounded elements. Rev. Math. Phys., 7(3):481–
521, 1995.
[Wor96] Stanis law Lech Woronowicz. From multiplicative unitaries to quantum groups. Internat. J. Math.,
7(1):127–149, 1996.
[Wor01] S. L. Woronowicz. Quantum “az + b” group on complex plane. Internat. J. Math., 12(4):461–503, 2001.
[Yam00] Takehiko Yamanouchi. Double group construction of quantum groups in the von Neumann algebra
framework. J. Math. Soc. Japan, 52(4):807–834, 2000.
HOPF IMAGES IN LOCALLY COMPACT QUANTUM GROUPS 23
Institute of Mathematics of the Polish Academy of Sciences and Institute of mathematics, Univer-
sity of Wroc law, Poland
E-mail address: pjoziak@impan.pl
Department of Mathematical Methods in Physics, Faculty of Physics, University of Warsaw, Poland
E-mail address: pawel.kasprzak@fuw.edu.pl
Department of Mathematical Methods in Physics, Faculty of Physics, University of Warsaw, Poland
E-mail address: piotr.soltan@fuw.edu.pl
